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Let X be paramevrization of § with |5t f form E.Fi§ and gnd §, form
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fiﬁzxw&x\ucu\/ 20 —g’Where AL BX, (L, A=],2,3 are fanction of
Ayxu TB3AvtCy 20 —g' BT g,eF 0 and thay derivives
? AS=Bi=CA=D .
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GQauss Eqrium Thestem ( Gauss remarkabde Theorem)

The Gauss (urvature of a surface i's Preserved l;j Locad isometries .
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Theorem : ( Bennet Fundamental Thesrem of Surface)
Lett.F. 9. e,f,} be differential functions defined on an open set Ve

with E 70, §70 and Eq—f’yo
Assume that thej 5atfsf% the q«uﬁ—formweow and codazzy - Mm’nardi,

e%ua‘M\OﬂS. Then ¥aeV, J a nbhd PDevy of‘g and a
diftfeomorphism X:yp> R? st Y(u)=$ be 4 parametrization re}ufqr
surfd @ with the 5% fundamental form and 2" fundamentad

foim given by EFgand ef. g resyectfveﬁj. Moreover, if U 15
comnected and ¥ : U R®is another yﬂmme-trfzo\ﬂ‘on surface with
the same property then X (v)=5 can be obtained by applging a

rigid motion of (g3 to 5.

Recald : Fundamental Thesrem of curves.
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n'=-kKt-Tbh
b'=Tn
E:({I/ {2,{3 )
F—“(?d;,f;,'{e) © XMHZT,:M*V;}.)(He/\/
G- ($7.95.99)
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($)uz (v 4, s 39 )
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rejer : end of chkpt(’,r‘}
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L B«} hna{nmentd—Theorem 0t surj‘ucf, , there s ne such surface with

Plnd BRE o RE efuy

4-4 Paradlel transport qeodesic

Def: Let w be a differentiaple vector fiedd on )¢S (Sisa reqular,
’ surface ) and pe U
Let 4 € Tp(S) , consider a /mmmetrfzeaf curve o:(-e.&£) 2 U

with a0)=p, dlo)=Y
Let wit), te (& ¢) bt the restricuon of vector field w

on o . Consider the projectfon of /(o) onto tangent space

Tpls) and er-t,e, ‘thls as _D,_Co) (0, Dj Wep) or ij)
We called 2 (o) the covarmnt detivative of w . w.r oy
o\\/e(_tor obtained by

A ormal projecuon .

!

At
Tp(5)
’ &
pw _pdw (T
FTRL A (&)

wi(nrv) = a(u V)Xt buV) Xy
X(t) = A (ut), vy))
d(0) = X (UC),veo)) =P
o('(t):)(v*"‘/«r)(\/v” e Tp(s)

tz0
| =% /
/ /
dw _ 4 (o\)(.,pr bXv) :ﬂ/Xq-fﬂ{ X“w\/-r)(qvV/-rbx,,rb()(vqa,{f)(vvvj
At /

' o
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6 X0t b ((Txur PAxvrdNow' 4 (Toh Xut T2 Xv+ 9V V)
pu,)w}

M ): é,v.‘/ T 1 | 7 / | - /
(72 ) [,y = AXuea((TaxutPaty )+ (Faxa Taxe V')

Y vative 2
B G t b %+ b(ThaXut % o Wt b (P Xut PaXv V= @

Example: (P plane

1
0 T’x’j’:o.
1

pw
LOOK At -a.—t— Loj: R/Xv‘-f bk\/ )
Det

O M o™
1\ " A\

A reqular veitor field w adlonj a
reqular pmmme‘ohuo( carve .
LI — S 7% gua( to be pv\mw 7( D‘f -0 vtel

prop: leto: I —2>5 be a parametrized curve in §
Let Wy ¢ Tao) $ , to€ 1

Then 3¢ parddlel vector fiedd wee) aleng () with w(to)=wo.

wo
net)
o parald ld 0w
v parallel vector fi d 5 =0
Xut @[ +ree )
@ Qa
} +hXve b (e 4 = b g i

Xu a't a (T M*F,’z," V/}+b(T'1iv" %fzizﬁ )
Xve b/t a (TaXva'e Xvv') + b (T3 W+ P xvv’)
B% 0.].E Theorej, the existencg and wnf%d@fle% hold -true,

@
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4 3 parallel vector fiedys along a parametrized Curve Ky and

they are completedy determined by their value at +,
g10p. Let Vand W pe two parallel vector fields ( ZT%’O' %—‘_‘—t],o)
oﬂonj K:I >S5, Then <v-W>=coRSt, _ | \w) wse
~a parametyized curve

In particular , |v| and |w] are const. and the angle

between V and W 15 wonst.

d -, adv dw
— - £ — vV it
&g i ¥ ot W PH S e g

dv
pim al/; Tanjen% Corponent :’f thN o b
¢ v V o\T w w
<(ge)*(aa) w7+ <v, (55 )4 (7)) ~
L normal wmpmen’c of%

\t

E dv dw 7
= (55 ) wot < VUR)'s
v

= < w7 ¥y, I B
dt d-{’,

=0 (V) paratled Vi f v g
r at 707 3¢

meridian iy a ﬂreat circle
the tangent vector fidd w of & meridian
(parametrized by arc-Renqvh ) 15 4 paralled
¢ |va

field on g*,

wW=d’

aed? b 8

dw 2

— 1S w
it A
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(ovariant o(en vative

Def: Let d:1 — S be Parametrfzed curve on S and wWoeTup)(S)
— : A
vector $ield
Let w be the parallel veceor field along & with wte)=wo « The vecter

wWizw(h), tiel 74 called the paralled transport of wo afoyg o

at the yo"'lf & ()

Woys/ W) and ,Dresefl/e,( jenj—tl’l

Mite that Do) =7
@Let Pas Tp(5)= Tq(s) where guj=¢ bea paratlel transpert of
w a!lonj &, then Py 14 rsometry |
© Paratlel transpert s intrinsic dependSonthe tanjent space
and ($ independent of the parametrizatfon of &,
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VIt B:J25 be another parame-trfad'w\on of the carve
qtqel Gt

pw . dw gt )T _ T
A—VL- (dt dn ( )d'L)

wet) 7 Pardu(uawport)
’ it w(n s parallel transport

' QA yamﬂM transport, (an be defined on Piecewiye rqqiﬁﬂr CArve
' PR [mb] =5
' a<t,<f2<'f3"'“ <tg<b

j 0(} [t‘:/'tiﬂj
' Def: p yo\mmetn‘tea{ (rejaﬂar) carve A:I=25 05 4 parametiizeq
geogIeS:c iF "—,~o ytel.

Def : H urve C 15 a 560&6_“‘0 r-f' 12 }7 e ( ceurve) J a Pard metrfz_a_-bfo)]

X(s) ot a Nbd o f y bj arc— Jienjth whith 5 o qumetni’ﬁd

Seodestc
p(des))

ds

=0

Observe : TH &(t) 154 yammetNZeo{ 5@0 desic , then Jct) 13 4
aMM vectar —hdd 3 D““’) ,0)

Hence , ]«mj :co‘ngtant~ 5 ato, onst .

One can adJust the ,qrdmctfiwﬁ\vn by setting - -‘%
and o (5 is Pammctrfzu{ ’y arc-fength say B

UM =0 - 1365);0‘(4!)

L W W ¥ ¥ ¥ ¥ ¥ W WS, 7 - - = 7

ds

df df dt

A5 At A3

d# ] -

[a3 ) =14 [a]=1]. e
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h 1o TS the curve parametrized by arc-Length
W=l D) (K“_l
DA

Def : Let w be differentjable unit vector fiedd aﬂwﬂ X216 on 4 orienteq
Surface 4w But it 1% pot
e at W ( necesmrj 1S

W

z\t) (NAW ) = [ J (NAW) ; wWhere }: %SL

value of 4-%}

sign of [WJ depends on the orientation of S.
i a Pammetrlzﬂo( curve by arc-Length )

J e Cﬂlﬂed aﬂjebrq
dt

14 w=dls) (4

[ %%J zAY) "J.EJ. 5 called the Jeodesi cArvatufe of o

AL Nn o 0
Tl AL LA VERE

A s 5eodes|c , kJ—O .

fe call . N (Normal vectar of S )

“A“““‘-“““‘

/I' ¥ e i ﬁn, < unit normal vector of o

ko v
b wormal CArVature  curvaure o o ‘

o-}s.
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xANA% In fact, &'z fu W rkg Vd
0(”1. d/ o()'-/‘/:]én,

4"z AN+ BNVAd” {"Nan’ =Ry

ke’ byt @

Ex: ,
< 55 Sa)

‘v -
V 0\:1'5'-11/‘?"5""((
/ v
Ny H1 of sphere
Bg@; #2: .kn2+ lﬁjz

ﬁk\@ ./‘ (arvature = : = 5—::;\{7
___’- - 2 ) 5 (,052({
g 11Ky 3@: i

kj > it sing>0.

§ o N, N o(’§ Jorms & basis.

o s A reju(ar curve

N fn/V'f_‘EJ_/VAK
" normad caryati e

desic carvature, By PAry.
Fj: A’ ok’

rn
12 a1 <Tanekguak faNeEgund’ ) o £ 0" Ry

)«ji- wian ¥

Example ; compute the normal carvature & jeodegrc carvature

and &4 (normaf cdrvaturg ) = 1.

s0l8 /085 /09U

i$ the circke o (t) = (Lost, 5""t/1) on the aﬂ(&‘yu\c Parallobic

X(UiV)= (U, uxv’)



10|X:°9' 10 C|/

Q—J-l-" a't4) = (-sint, cost» 0 ) [dtt) =] arc */fenj'ﬁh ‘

K’(t) = (-cost,-sint, 0 ) p

( l,l Lof‘tfﬁl—nz«t:, 7 d(t} ,‘5 contm’ned ;./7 S ) .

Xu=(1,0,24) , Rl K & (-24, -2V, 1) .
Xv=(0,[,2V)

[Xunxv| = [ravk ¢

= M = (=24, -2v, 1) ‘

[xunXv|  [zaver ¢

restriction of N on o (j-€ u=wst,y=smt) ‘

N: _L (-2‘4/’)—\// |

' ) e
1 7 K
NAO(/: e J _L | 2 ‘
A = = (T wst, ot T
-sint wit 0
' S ‘
fn =< }M)'J’f
F /N D(/) _L ‘
= / /\ ;JE/

j <d”, ; ‘
Lemma - - 3y = 1 ,
Lemma > . and b be differentiable functions & atb’z] and ot f @

be such that AU) =w@8Wo, brro) =8inY) 4
Then the differeptiabde function defined {] Pt) =y, fj:(;”,_a,b')dt‘
satisfies ¢ act)=cosq(t)

het)=sin P(t) , ¥ tel .

Vo) = ¢o - "

" 2 1l <
W Lepdes amts¥(®)) 1 (b1 (YD) ¢
Hope Fct) =0 ¥ T ) . » } 4@
fue)= p-2atesPct) 4 ies gL V-2bsingct) tsinft) p
3 ([-aces0C)—bsin¢Lt)) » b
. o 73

Jt) = 2] (-dw} gt ~b'sin §0 +aSing et ff)- best®))) h
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Sy 2 [-olesf asing (' 4) ¥ - b ab' ) ]

E 2[-0\'cosq> +abSng - adbsing - bsin ¢ - abb’wsxf " a’b‘mcp]
Larbz] ) 248’2y =y &> aa'=-bb

:2[—4l605l{? ~b'sing ¢ qsi ¢ +b’b,5fnt{) + a'bwsg 1+ a'atos ¢ ]

a=cosy

= ! !
0 Iy -)((t):o > -f(t) cnst. = e s

Lemma2 : Lot \ and w be two differentiable vector fields aﬂom}

acurve o:1-2S with [v]=1,lwl=]l ,ytel
Py Foul d¥
Th”[dt] [dtJ’R

005 one of differentiable determination of the angf e

@ from v o w. ¢- LFofj: @b’,a’b)dt

v . v
; W I visa ,,mmﬂe? veewt Field fﬁ =0 .
) and W=« , ”
/’f pW - Dd = 4
[ J ) ['JTJ k? = qt

Mote that : |et of:1->$ Fammetnzea( by arc- Xength
Let V() pe a parM vector field

' V(s
Ly ‘ET('S—)':O.

(5 pw
Take w-= o(I(U 0 k 170( }J [ d‘t-]
»}eooLeSl\c curvature = rate of chnn(}e of the ang}&e thqt the tanjen‘t
10 o make$S with A paraﬁﬁ/@ vector fiedd /.

Prop.: Let X(u:iv) be a M@MMO)CANLM f

an oriented surface §, aan w(t) be differentiable freld of
unit Vector ((w(=1[) aﬂonj the curve o= X (uct) vet))

pwq _ —— d du dy
The”[ﬁj‘{f{q [CH;{‘EV;@ 1 ﬂ
& ]

“f) “”Q‘Qe _]me W to X4 in the jn/erl onenfﬂﬁor} @
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T4 use Lemmaz, w=eiA€2, V=€ 3 | 33
ke X 1S$ or’vho\t)onaf_

)= 24 Leaz XX, qelz]. 102 2]
T q

Let {enez} {orm a ba5l} for TCS}
N=2¢ire2
Let & be the curve parametrization by o\rc—lenjf/h
A= wsQe +sinfeselis) , Y= angle between o o€
Let M=NnK', n L&’
n=-singertwsd ez
Y /) - /
K= (-sinqe) +0sf ez )Y +wsq (et sind (€)

= rL(?I'l' (OS(P (e')/* Sl'n(P (fl))

at
x ¢ cosysiny fef}’e: +sy (€)' ea=-siny(e)e)
+ 51‘nt{cost(72%z')ez.
FerY=]-9- <€ty > =0
|€2)2) > <ea,¢,/7 =0
LC11€a7=0 2 <eue;'7 =- <e|’,e2>

,—><o(",rL7 = lP’+<c,’,e2>
/ ‘/,_ ).(_‘i ‘4’,,. (ﬁ)
er= 2 es (/el;l»l_)"""(ﬁ\l;\‘:) -(J—E)u APAL

% o L
Su
<Q|1€27,< Xq ' i(ﬂ) v’, o,
E Ev v
= Xudﬁ‘qud—fi) / Xuv]’g—)(u(,&) %7
<( )VI+ = ,
E
d
= -—{- (XuU/)(V7L4,+J.J:—- <M7V- (‘H V
RS i

\ ;(XV,’(V7U{
LXu,Xv 7y =2 <Xy Xy

y e
Fu-13 Ev

el M K///'L 7 = <yt esy (e,)’.,gfm“ez’) 3 _singe)peobfez ”

e o oo eoeocecccocococoea® coaoeoe oo @



T pw p 201800816 (2
3[;;]:(0(/,7’[,7: <€|/,€17—Hp/ e

= dv :
T ACTE- R AT a

recafl ; X(u,v) :an orthojonaﬁ parametﬁzau‘m,

W ¢ tw, vectar fiedd -

pw

[Tt 1r (Q“V'EV"‘ ) f &"-t , ¢ angle between Xd and uj.
K:1 =S parametrized curve bg Mrgt_f\
s hilnd a’-xm#va/
K Do(} ( , ¢

¢ 2fq qu ~Evu/f_,_ 1;3), oS P 4 fg%)z,,n,f,r ~¢

k? aeodesic curvature . vz w'bsf Y =onst.

Look at coordinate curves.

el : (f¢es)=4es) , v=Vo const. u-u', v'=0.
(k) qeodesiC curvanlre of coordinate curve V= const.

(kg —= (-Evd')r0 - ZBL B
s 1feg 2GE

[ Wy )
ds | 3 as}’l'lﬁ—):&

(asez . u=do, VI5)=V(S)
w'zo , vi=v’

(kg ). gerdesic carvatire o} coordinate curve u=onstant.

} dX(HO/V}
1_I ds / ,d.S ! J-é

v’ 4

( ?)2 lr é‘ zqr
, . p //f‘ ) n o /
Gsfz<d 7 = Aud s eV LS 2w awidvs
' E

sin -<die,7 = Aau'+ Xvv', X 7t 2 J'qv'

]



prop: (Llouvitle)
Let o be a parametrization by wc—ﬂenjth of Nbd of 4 point pes f
& m}d”_ orrented curve C onan oriented sdrface S .
Let X (usv) be an orthojona!l parametrization of S at p. and ¢cs) e
the angle from Xu to o/,
Then fg = Lf;)r ws Py (fg),,jinq)), Z‘,!‘Z" [%/J::f’; Céw’%w’h%
where (ﬁg), and (ﬁgh are geod%l‘c curvature of coordinae Carves
v = onstant, Usconst respectively .
X wec?, veor freld

bw =0 if Wisa po\raM vector freld

dt
]
dw T
?_‘_‘l_:al RT”U‘/“’LT’H/* ) /a—yl
dt + o 12 brz_zvf IJV
! v /
clear gl eary v bl v by ] A
®

pw

d/f 0 € Az0,Bs0. — @ recall dast time .

d:125 (surface ) parame tr ized b} M&ﬁenjth .
V is anbhd of dit) ,tel
Tangent vector &'ts) vse]

[a’=Xuu *xv V]

X:o—=>VECS
JcI stoll)eV

<

/ /
. =0 (:Vo('droj itf

s

\

*=

o u f{fu[") "J'rrz u'v *F’(V)) =0
i ]""(u)+z}7,2uv+]7;;(V)):0

© are called geod“,‘c eguau‘ong,
o Geometry interpretatfon of geodesic.

I_h_m_: ﬂ (urve d on a Sb(r‘face 5 I-SG ?%d&gl\c l‘ff,for d'l«j Fﬂft

A(t)=x(4t), v(t)) of o contained in a coordinate mppd of §,
the fouowfnj eqguatfons are satfsfred .



2 d b , n /2 201808, (6 (,5)“
0] 1R(Euffv)=z(Eu(u)quu’v’qu(v’)‘) '
d 2 I +
i (Fulge’y = 2 (Bouw2fuvieqrv’)
where Eu''y2Fuv/+ qu'¥ s the [°Y fundamental form of X.

® are called qeadtsfC equatfon @ ~ ®

Cpf) Since EXq,)(v} rsa basi$ of the tangent pﬁ‘*"ﬂo'} X

« 1s qeodesic vff «” perpendicalar 0 fu and Xy

3
where V= &4 /o du 0 d Kes <d¥, furz0 L <d" K220

di* ° at+ At -0 =~
1_odd

T =Xy + XvV

d ]

0= 40(“/)(0(7:(-&'%' s X 73 <¢Id'-t ()(ulAl"'XVV/) /X'A7

d l / / /' dxy
— < o= y —
\dt( XuM*XvV,Xq7) < Xud + vV T3 7

u

=d ! 4 /
i ( Eu +FV) - & Xull +)(v‘//J )(uuM/-quvV/7

> & (BuF)

\t

/
<X“/XHH7M’21 < XlA/XMV7U(/\//+ <XV/XU(47M/‘/,+(XV/XMV7V,1

\t

J Ig o) / )
ZEMM 13 Ewvu'y +(F4—5’EV)V|IV*;'_Q.4V’1

’ -
S0 Bt 2 Funv s g

33

ETTS (Tl L RN R SR T <Xd, Xyv 7



?\m{(: The ?eooiesio equayons (@ o @) are non- dinear differential equatfons (

and are usmﬂj difficult or impossible o s fQoyve exrﬂrcﬁ—ij.

EIF'q:O

/18O

straight, Aine

Ex AMPQC :(Ct}fl'n a‘@/’)

X(u,v)= (cojb{/ﬁfn w, V)

A Xu=(-smu,cosd,0)
Yv= ( 0 , 0, ,) -7ol’thojonai

E: <X"'IX‘47 :/
F:<)(UI s XvZ 20
q 2 Xv A2 =}
By geodesfc e%uqﬂ\onf( @j
Euz0. Fr =0, Fuz0/Frz0, Guz0,Gv=0
d - /
it (Eu )’0 ; _d(“/:o pohas Linea t

it
d ) , v is Lineal -
5 (qv) a"‘?(v),p.

7 usatth , where ab, ¢ d const .
T:(t*d
If a=0.
i u=b 0 Jedesic 15 a strajqht fine
v:Ct*d i
Lf “*O/t b X(uv)= (s (at4b) sin(atsy ), ctd )
g =att y
iv:ctfq n 3@‘1“'\0 L orrw[dr hesi

HbE O, 0 vajk2 3

VI

1
(
1



D Sarface of reVolo(-qon)

X (uv) = (Fev)cosu, faysind, 4v)) s 4w)=0

Xu=(-fsind, feos Y. o)

Ny ( f'cosd f}\n‘/f/ﬂ)

L=< Xd Au7 =47

FreXu, XY )

gz <Avhvz= §%q"
Fuz0, Ev=2ff’, fusrsPv. Gu'zp, 6]v,z(7‘7‘+;;)
iy 2(Eq‘F) [E“ G=2F ¥y ] B

merideans

parallel s

= 2g - g3
v )Lf
I ? L
o 2 ST
]7224 ‘;:l’, il b)
>E
= /‘_'_ Y t =Y
>4 g
I?}}/?’
plug ]7\- o @
/]711
‘4" i)uv z0 — @
v Rk & L +f
_]:12 12 T /zg/z /O ———"é)
+1 ‘\7 g 2
711
l(asel usuo 4o
' u'=0
0 o.K . q':D
® can be written a5 V'+ (%){V)’:0~

*

1f o« 1§ a curve b-} qrcvferzjth
|2 |o'[= | < Xuu Lexvv’, Kadh xov 7/

= E(M)rzf(u ") *q(w

Nav\)uu()/ Vi«O
iv v ooy '/fE(OJ-r (o)u_é,(v)

p Dansle
D
D
_
D
D
R
)
b /i il
)
)
)
)
)
)
l.
)
)
)
)
)
)
)
)

;o|810;"7£’)



1o|g.o;-:’l}gé) '
2V (1% 97) S5 ) = -
G = i—__)i q
av'v’ = M/ - -H-f’f’@qg v/ 2 ( /_}’/f 1Y
X =211 +9%") (

o H/er(g/zﬁ)

/)3
12,122 ¥ )
_ (‘f jj (j‘l'z_f 12
i 3 0}800{@5'(4 u=Uo I

— v
Xiv) = (fov)eos o, fysindo, )

A meditng  are jeod%lc.

; n=u (/(’:u/
ase 2 1 v Vo V=0
Now Ml:u/v,:o (quﬂaﬁg ) u'z0 wis Linealr
I
jIJ;IZ ) ’0'
§70. Hope fu)’=0
2 ;o2 | /o
1= E ()= ffu)’/(o«')=¥; - FN
L(’lf)
qeodesic 44 106070 X () {]( (v cos M, Jf(\/o)smu j(Vo))
Xw/‘f)‘(mewyf,wsejfnP,st'nej
e%uo\-tor
v 7[(9) s$8, j/(cf)z sinb :
EFQK“J

Fact i Curve & 75 contaimed i the fnt&l’Saﬂbn of 9% with a P,eqné
passﬂxj through the orf%fna,Q fence , in all cases o i pait of

great circfe,

Conclusion ; ( Surface ot Rewfutjon )
A neceSSarj conditfon for & rdm@ﬁ&@ of a Surfa® of revodutfon to be
qeodesic that such a parallel be generated by the part refation: of a
point of the jenerm‘g curve where the tangent is parallel 4o ghe

axl's »f the revolutjon . D,

-~ -

—> 'ttmjent 'f’: 0

enerati n}
curve

@)




. i X v0 ), & b
A (wV) = Mv(u) qeodesic Parametfizqtioy ki
wv are called qeodesic coord inat€s.

In J@odegfc wordinates, L= 1

F: 0
6= Free=9qCuv)
G s a smooth functjon sit Geosv) =)

qLJ (,O/V)’V'O
. j€0d€$l\c coordrnates .

a7(W) 1 d (v)
d s a 3@0&65!‘6 (arcfienj‘bh)

v (0,V) €U

a'(u) u‘saﬂwotesfc,

ATto) = AT)

X(u, V)= o(V(H/ , W,V oare caﬂed jeodem coordn‘nate,(,

30K w"mm\nj co0) gt Xig 2 K3 5 a yarametrfzqu‘oy; of 5.

And | hndamentnﬂ form, du’+ tﬁ(u/v/alvl

£-1,F70, g= Guv) (s free ) where § 13 & smooth function on U

st G (o, v)z) |
gyl 0, v)=0

¢ (o U7) eQ

)E uz0, Vrs mov;’nj ,Jonjo(
u=0, v¥z0-
& o)L 4 c0)

Theorem : Anj F'o,‘ntlo-f a surface of constant Gayssiah curvature 13

in 4 coordinaté Nbhd that 1S isometric to an

(ontained
open Set of a plane, q sphere or a pesudo- sphere
. E:q7l/’P/’0
o A osurface wieh k=0 S 75 Qo j TsomethcC to & plant .
E=l, F70., Z5 B
K70 spher
k<0 Pg5adr)'5rhel€.
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et pesS . Kz const. ‘

Let X(uv ) bea jeooteﬂ(, Farametrtzmjon , ,, ‘
3 ) 0 )=
(r€. wu,V are 3&00{65:‘0 coordinatés ) with X (os0)=p .

% The first fundamental torm EdulnfdudV*qd\/zsduirwu,t’)om
(E(u)*+2Fuiv) tgv)") ¢
recald : andlt

=) Ev |

— i by
K= 1 J5g ((Js'e:)“ ('J%Z,)q)

VEsl s §eGunv) o0 K2 g (), ‘
T

q 44 5 i
Letj:\fq‘/’\/______ K—-——g_ :Lag_
“ ’ -9 Uju= ~
Iy j = 1
3'q 5
o =
= M
3,(017'):[ » (
’j/q(o,‘v'):o
3 3
T :u{ :O.?5=auﬂ,‘ hoas0. bz o ape C°
‘ a=] i) §#| |
E:):F:O/q:l X locaﬂj SometrTc 10 4 ,p_fqne. (
case2: K=1 >0 ‘
Juu * 3’=0
' YV - %
3’(0,1}'};] T s aws g+ psiny |
3&(D/VJfD 5(,0/1/(} =1=a
Guler) = ~asin(o) + bws(o) = b=p

& 3::(/05(1 1 q:wsz_%.
. 3 20( 2
| st fundo(mentaf form 1% ™+ WS YAV

it 3 1 Xoca/&j rsometric 0 a srhere.
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3"'“_':5:0 ~ "
Yo% 2 J,aS:nhufbwshd
qutorvi=g . Feov)= asinhco)theoshio) »p=|
a'ugo,v'):o 2a=p .
Ele 1'?"”6,: wshu
&

|3t fundqmentaﬁ i S ﬂowj rsometric to 4 f)eSudo-gp here (p lot)

X Gauss— Bonnet Theorem

Consider ﬂeodCS'l\C tr{‘anjﬁe (KJ:OB)

- g 3 ¢
2 faeT Sqi<n %{‘h;n
o A=\

@ !
8] 457
2 ¥s .

€= interion angles of qeodesic triangle

FaC‘t: 5 ‘U-’TD:‘LJ Kdo

J =

K=0 . i ‘(’X:TL

1=
3

" g
K70 %:"F)w

(cach edge i Jeodesic )

J

' k<o, 3 yr<tv
' x=l
' Deb i 75 a simple cloged + precewise rejafdf parametrizd curve ' f
’ £if[o,X]2S

O nco)= () chosed .
’ 9 tittz, titse ["/ﬁj ,O((J(c)ffo((’(z)(jfmpﬂe}
i @ 3 a selldivision of [o,4) given bj 5l 5 iz g we <tpeten 24
D ¥ o 75 differentiable and reﬁdqi in each [t5, toer] A0, wi, k
) Def 1 The point & (&), K=0, /K are closed very®S of & and trace of
) «([ti tin]) are called rejuf"l" Aarcs of o« , we cald the trace of
) zx([o,l]) a >imp£€ , closed precewise r(yjufqr cdri @

' A
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Iim ey =d'ta- ) ¥ 0 J(tir)

tah\ )
t<ta A7
,q;m / ’ .

\ . ‘t }
t2ta ®'(t) = & (44 ) %p . | s
trt4 v d/C‘tA\')

By the wndivion of fejd‘””jf for each vertex & (t; ), there exist

the finit fyom |eft ( from h‘jhf}

the angle from  (ti-)to 4 (tie )
It |64) ¥ , we jr./e the 64 the $L4Y determine d @ (o(’cti_),o(/(fif),/\y

O

\

W owcti)
\\

/g,\ j

dtee) A7)

Def: Let X:U SR 5 5 be a parametr) 2atjon of S (oriented)

ASSUME yhat ) Ts hemeo morphic +o an opeh 43K in f»!ané.
Let d[0,8] = X(v) 5 be g simpl€, closed curve with

verties « i) and Q)(ternd,Q angﬁe e,{ L A= 0s 17 ey k

Clet ¢ [t;,tmj >R differentiable fanction

;- it measur®S yhe positive angle from Xu to_g(/(t} on the ”jdq/
At C Dg,hﬂj

/. X4
/ Ty

simple, closed curve

carve with corner

o



R T Y D R e
Let o: [0,9] > X(0)<S e simple closed , rejuﬂqr 201810524 (1)
parametrized curve with vertice w(ti) and externaf angfes

Qi/ X’ o/,/”'/'k

Frogosf’ol‘on (Theorem ‘o{ turn{nj tanjenﬁf)
w
2 (Paltin)- ‘()A(U}) +Z Ox =121 |

=0 .
xy Where 4)*.- [ti. tin] =R, c“{qnctto&m-,
which measure te [ti, tan] , the positive
angle from Xyt o/
-2 X 3
/ \K “ 3 J(tin)-@(ti) = Cancel =

2 0421

1:5 2 IR differentrab L e functlon
X: 0= R=>S* Rc X(r) Vbhd rejfon‘

(&)~ o

AR)=§S r_ dudv - Hﬁzﬁ_;((:,lv] dudv

X(R) xtR)

{] ’gé 2 da dv

x'(R)
The mtejmﬁ of T over the mjmn R-

Ldrs 1§ ) JEqF dudv depends the srientation of X .
X'(R)

Theoren . (Jocal baby variation of Gauss-Bonnet Thw.)

Let X: U235 be an orthojond paramettization oF an oriented
surface S where ¢ R’ homeomor}:hlc 0 & drsK and X 13
compatible with the orientation of S (i€ JXuXvk is
posiIve oriemed ). Lot REX(V) be as:‘m,;fle rejfon and X126
¥ 6(1)=23R and s osfﬁ‘vdj oriented parametrized ¢4

bcunjqrq

ArC- »Qéﬂj’ch J

"
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and Let d(5), X(S1), ., &(Sk) and 90/9l; B0k the vertices

and uternod? Mljﬁ@S a)‘ 0(/~,-9 (( ) *«(ﬂ)q)

h SAt|
T eni JSA kj&ijkd(o'ﬂ»ZeA er‘

W her lij 's qerdesic curvature ofthe rejdqr arc - and
Kz Gauss Curvatudte of S .
On geodesic arc (kq=1) 5

carve
Jr Kdeé 0i=21

pf : Let ucs), V(S) st x(S) (40, V(S))

T ey T

o

0 @u on & [5i, Siri )
Xd

/ k
qV _ EV‘A/ J)MI (d(h)
2[4 2JEq)d5 e LR

SAt

ds

zJ

A=0

Jﬁjcsﬂs 5— SSW (

Recalll G[reen's ormafa .
e (R IL pde ). il 2L ) dudv
B encﬂosea( }j curve C.

@:.ﬁ—i y :—/E/V'
lJEq P 2Jféq

—Fv
Bj Green s Jpormuﬂa FF H qu)q qu )v) dud Vv
XR)
44

:” ((ﬁ 2[21)) dudV
—ﬂ /yq’q alv(o\Vrf'ko(S

x'(R)
L K—z\}’/@( ))
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By -the Theorem on turnmj tungwﬁf

i JSH’ oLj Z [‘f& (5Aﬂ) ‘FA(5A)]

=i S5 T AL Z 9,(
il
g g F 2 ' o 1 positively orfented-
2n =2 04 (VA poesitivy o i)

h,jher~dlm@“5‘°’) ($.$ chern)

+ Global Qauss Bopnet Theorem
= re?dqr region of an ortented surface S

closed preewise curve. )
close'd I 5[mplle , P.‘ecewﬂe reg«fqr (urves§

-~

(dRo0s =
Let C‘I(jllﬂ/® be

’ which form JR.
Suppose Ca 15 rosn‘m‘va@j oriented and Let 61,62,

be the Set of external angfe of CA
Then 2j Kyts)ds * J K do +z ba =21 X(R)

R.\sfm,PaQC,C,QOSed : BIRIF
s 5/30

: A triangalation of & requlai reqion RCS is a finjte

}amd} 7 ‘f ﬂ'lﬂ’ljﬂef Ta, Az, U Such that
SR

00 1;
ARl S
® It TANTj+¢, then TRaTj is either common edge Tiand T)

or & cmmon vertex of TXand Tj.

Euller characteristic number of S refative +o the tn‘mjddwn
(3 K($.9 )= V-Eth = X)) 3 verdes

V= # of verMcaS of trlanjdaﬂvnj . 3 edges

E:# e SC X(RZIR) , face

'F - * -che : 4 V—E fﬁ;/ @
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Vv
E
¥

Dji: A tn‘dnjdqu‘oﬂ Tn is inyarjant ander diffeomorphism .

4 2
5 )‘lkfm):‘}‘ffz:i

(ORI (U [

N

F(Tn)z V-E+F
E‘/e;y reqular rcj.vn of & yejujqr Surface admits a trlanjdaﬂm

V=8
‘ e i

X($)zy- E+F = +6+4f 2 2(8Y= 2

This theorem , f-} we mistafe not. awjht w ounted Amoﬁ
the most dejant in the theoty of (yryed surface ( by Gauss)

3: ( Gauss- Bonnet Theorem | Bea«uﬂ is he best )

Take a ’chﬂnjuﬂaﬂonj’ 5“} of R, each of the T
must be (ontained jn coordinate Nhhd .
APP’Q'}‘_”j Qocal Gauss - Bonnet Theprem on each TA and sum ovet

Rz1i2, 00, 4 =4 faces= F
n ;
gjc,c -ﬁj0(5+jk kd(;‘rig\j;f—gj,( "lﬂl%—'zﬂ’f ,

J#k 3
On each TA-

\JJT kﬂd5+j1 K-ri 9.& Z21

TGt Tngroduce the interior angles by f =1- Ojx

Alie 15)=¢ " ,
<f< I GJK: 2 (M- Le K BTLF “fJK
= DEREL B ’ igj<F

|cp<3 15K [5k£3

Fo=# externad edjef.
Eic4 internall ¢dges

Vet externaf verticeS
VA = internal vertices.

@



Fact ¢ Ve =te;, 3F=2Fi+Ee 20180513002

3 bjk=3 (1-9k)=smf-35 ¥k 22 m(EirFe) -3 Y
= F BEF l2j£F 1£j2F
£3 |£k=3 1£k23 J5K23

A

4

“3EREet TEe-RE - YK — O
1)< F
1£k<3
:zm(EuEe)TC\/e }: kPJK—Jn;E—ynVe -2 ‘PJK
J l(‘

lfkf} |£k<3

At Yol : ( Interipr Mf}fesj
IZ%'{@J?%& =T - onk
Total Tnterior angle Ve =TVe -3 6jk

Interior angh@s q¢ V (inc,@udl‘nj Va, Ve )
P
2 ‘f;(~17\7\/,\+n\/¢-2 02 Fﬁu.% mto ©

l‘J

1£K<3

E; QJK 2ME -nVe -21 Vy - 210 Ve *;QA
lfJfT'

[¢k<3  F2nf —ap V+z bx

iy At
Gauss- Bonnet Theorem

P
Jg Koy, kg ds +XZ:’9&A‘ 2R 30 (V-E4F) — (55)

external o\n/},eef s
TheoreM 3 Gauss— Bonnet

51s wmpact surface  fokd f=2mx(s)
Loged

J; kﬁriy k‘}-
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Examgﬂe 3 S(Yzj meut

|
e
v pr-’rbu}w\f chrvature
! .
eI LE r2ﬂs‘u;d")’ T = pes)

i) g
4y

‘:,°)6(52(U)_—1 = V—Ef}:

~ &

@ Convex Surfee S i IR?

Gaug Map N< §— .
dN: Tp(s)eTN@)(s) Tp(S)

kep) = det(dlv,;)- Bifz 15 the Local curvature .

exposion factor for areks unoler the Gauss map.

By change of variables for mulelpLe mtejm@s.

Jordug= J, det (dNp)d T
= jsl d g > Brea($) = 4T

Js kdus=yu ;i 2mx(S)

Bg@
| &9 poﬂar Cap .
% = ‘
i onS radits a =5my
. sing ﬁg’rﬁn -k

(yrindpaf)wr\/awr@ 1‘23 °°5l{) ( recall fast time )

Sm

“““-A““““‘



Area of S =jt) 2m5ingdg =21 (|- wsy)
Jokdr=15 (an (lws¢)) = 2m(-wsq)
c&wdesic curyatu re k«} o 3<% _cf_sﬁ_
5[!1‘()

\jJS K%d.szj &0‘% (JTES;IL(p) :zwwgtp

B 5in()

@ jSKdﬁfjajkgdj:J:EE([-w;l(_)fln,ws(p
' [ ) =20 =20 %(5)

Euler Characteristic number

201807031 (2)Y



' ;o|810;l”é5)
Note ': fsurfae withe Some number of gends

7‘(5)—-1“-3) 9= ¢ gends
Torus 94=1 . XC5)=2(1")20.-
Sphere . 420 . X (S) = X ($)= 2
@ Any cmpact surfae is homeomorphic o a sphere with some

hamber of qenus .

Theorem ; Diffeomorphic Surfaces have same Euler characteristic .
( Homeomor p hic)

e IF S and s, are compact , oriented surface , xcs,) % (S2)

Then Sy is diffeomorphic to Sa
Chomeomorphic)

Since, the trfm%ufq’r/fon of a surfacelis mapped 1o the trn‘m%daﬁbn

of surface S, with 4he same # of verties, edges and faces.
Euer characteristic # s presetyed by homeomerphism

"5 wmpact , connected , K=const . 5 S5 a sphere
* S ompad , Fp sit Kep) 20
f‘lC{’)=MAX‘£ )

} U(,Mbw(aﬂ fofﬂ‘t
facp)=mink

'S wmpad Koo, Hzwnst, 7§ 'S & sphef@



2018003 (5

Theoren . S.;H;ose ST wmpact, ortented surface whose K& o0
VxeS, Then S 1 dfﬁeomorphfc 10 a Standard
sfhere.

&b < Ay m«gdqr surfdce must be diffemorphic 4o a sphere
with Same nam per 3end5-
By GQauss- Bomnet Theorem Cept)

Jskdv - anxes) . on (acr )) = 4n(19)
oV T e ;

4n(1-§) 70
pe!
R 31.5 a Posiﬂve fn’oejef o 3_—0 RS2
O By Thetem , X(5) = % (8% =2
§a 8"
* .
diffeophism
* If a wmpact surface S is diffeomorphic to the torug ,

‘then 55 KdV7O :
Ss kd 0 =20XC5)

® Four cokor Map Theorem
1852 F Quthrie
Morgan
1879 Kempe
1910 BPP&& Haken |200.



10]8.06,060)
For a given wmpact surface S, what 1S the smallest posivive mteqer

n st every mag on S can be n-cwlored?
Def i The smallest inteqer n is called the chyomatic numbes o S
The chromatic numbel of a sphere is 4 .

_..G/
FALR requdar, cpt, orientable swrface is not homeomorphic to q i

Sphere s prove there are point$ on S here 4pe K ( §auss CurVqtb(fe)
15 posivye ,ne\a}atl‘\/e and Zero

Jskd6=2mes)=n (2-29)
S Is homeomorf;.hfc toa sphete "‘“‘d“”j # j“’“f.

2° S 75 pot homeomurfhic to a Srhere .

2(’15) F2 ’j#o

g 'S positiVe (inchyd ,‘g Zero ) imtege/ -
v s kdosanci=g) <o
VoS ept, 3 apoint peS , kipr20 .
:'; }( musSt dt'tﬂ’-rb a ﬂeid‘biVQ at Seme rll-ﬂ't

X K0S onts 4 By intermediate value Theprem, we concfyde
kK-p at some point .

o CQairant’s Theorem

pe
U(v)rj(v‘)) -:((:)/V): (7((”005'1/ R LLY j(“}
/ 7
\ ‘f/l 12
{ - fj :!

meridignsS are j%dwl\c
Pﬂmﬂ)(’f5 are ﬂwdej’\c IAf ‘f/:O



. 018, ﬂél 6 2
o clairant’s Theorem r g6 )

Let X be a (urve parumetrized bj qu—lfnjt;h on q Surface
of revollation S . fet £ be the distance functfon of 4 point
of 5 from the axig of rotayon , and 4 pethe angle
between «’and meridian of S.

If o is qeodesic , then Peos ¢ = const.

Conversdj, iT fos¢ = wnst. aﬁonj £ & if no part of & 15 part of
pardleks of s, then & 75 geodesic -

0} "

et i X(uwv)= (f(VJcom fvsind , J(V)) fev) >0 - f+j = |
Xu, Xv
E=Fv), F=0,6=1 (recall )

The geodesic egquations.

I (Eu'tfv))= 7 (F u”*zhuwﬁqV’z}
S Y y(‘i:";):{”fi:z"-’il jo() -kenqin
& (R'tgv) = £ (Evusafuuvgqvv®)

d ($u’') =

5;5()‘«4) 0 —0

a—% (VI) L f.f’q/-?_—@
g g oo Fuh 1

Let Jxuf™, xv3 bea basis st &'z cosw)w FSiny Xy
= Xu"‘ +)(uV

(&%= Eu’ raFuv't qv”) - P

u's f_"“q' ; vizsin ¢
i

v
't oy

__ﬁ'Q—f’C"“P
lbg@ (W' cv))=0
fcos¢ = const -

00000000 @eocococc@gocooocooo



2018.06.06 (3)
Conversely , fcos = tonst-= ¢ for some constant ¢ odlonj curve o
Teost= 2y = P fw)
We have o( B RAP AR

Now, we need 40 Frove ATT UL " hoads .
al=l LOSY | ’c"

T _r,z J (M) (C)

=5
R AT VLT SURVCRIS ¥ OT A -flru's’ = - z
3 | 5
2 0/ -f oV <
~2
N -—-f"(e/lb)+ c (2f S 3% J - 182‘%_‘-/V/
14 "—1','3"
¢4t
(v”s e -ap
LT
00 C h <2

o L= fruhy” v pdt gy
) (v 'y v

v HT )vi=o . P f v
Vo 2 v fayso.

Presudo- Sphere .
Surfaw ot revolution KCUV) 2 (Feupuogu , Fov)sinu , §w))
470/ {/1+312:1

F:ozér1
= eq-4*
K= ZJ—’é’((ﬁ}V (J"‘é )= % or (=?2—_—};—)
L L
=4 _ @

f"j,:l —

CaseI. K=0. 4"z0 ., f is Ainear | 1f a=o, thisis a cirendar
‘F: av+ b . C:joefnder
X(wiv) :(U"‘J,anb{,vj

ar=1, x-Y F.ﬂdn(’-
o<lalel , Tt 1S cireudar cone

bj@ / 3/: 1 ’_az

0000000000000 00000c00000000
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I
(ase¢l]l kK70 y:E,
!

RANNCS LAWNNL S
il sl hicil &

4
Phq% | — fou = aws (x+b)
S(V):j 1_%;5..":(’{) dv

A=0, it does not 3ive a Surface
Az R, ﬂV)-'Rw-S(!)

j(V) Rsm )
' We have a Sphere with radius R

lase L k<D v k:'[

Ilv :0 V —V
! i j:a.e +he
f%q% 1
+j —
az| , b= .
j(V):J ,oezv dv Let C%G:ev
sin’g —singdg=e'dv=wsedV
-J ~msg 46

= Sing- fn(sec6 ttant)

: e - fo (€43 )
X(uiv)= (e'wosu, €%sind, J1-e" 4, (Q‘V*Je-lv”)

1 \ coSh"(e'V)
= (e'wsu s e'sing , [-g*" - osh™ce™) ) '

9 k=-] (doubLe check)  [presedo-sphere|

V, F=0/ %’ 1 @ e"dqz.rdvl

. _ ~ 1
Let w‘:e‘/ - )( (Urw) - (b—'umq,u',)h;u( RIRE - oS h CW})

- B -
X4 2 (-Wsind, wwsd,0)
~ Z
X w
~‘J. ~ Iy 2 |5 £
E—w‘, F=0 q:él au+ d w

z

— £9
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2018, 0b,°CL/
U= fcz/j)eurzw,ojz,
ouudgz

%3 regular, compact , M_d oriented surfae

) homeom:))(phl‘c to & spher€ . 3 some points . 5
and K=0

k20, k<O

K=-l, (]‘w)wsu,fw)s{nq, j(V))
= 24
X (V)= (eVosu, eVeind, [-€¥-csh’(€)). pesude-sphere
AAAAAAAANAS A
-y
DRV EAEE

X(U/\U)’ (;(L}LOS‘/( J {(—J 5'—”“ 3 I—i‘,z —C°$h1(,"u))

-J.
il s d“ﬂ-dwz

WJ

¥ /
MQtHC ‘)C”m = Ev{ %f'2]:u/|//4rqvl2‘

E
F=
A

£ A fane )spme j 54) Ps
L') wpper half p (Ip(c()) Im}{wx})

Jo.g)er g0 its 1% fundanertad form dx’df

i
Ko = -l
’ HZK&U?OJA‘C models
POl.n(‘are dlzc p:ZCu/V) GIRJ[ qu/ZI}
its I°* fundmentdd form - 2 yAdvY) o 2 dadz
i it (1-(u3))* (L)

o SUI
E - iy 4. Feo

-
<:;\7?;(fe,)v (JEq) ):’}
Upper half-pLane U dx+ o(j 5/’ g.F=0-

N:XJ‘*\j

&
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Y:p>(Q Ts iSometry.

v |42 N Y
2ows A v MR

d ld b J —_—
4 IU = x+i 3 duldw X PS-e F“"”’(O‘Sf’h&m
1 [Amw[* W= x-Ry ‘
ps Xww) - o (,ogo(,';{]anb{ A w‘,-coshq‘(w))
g2 w>| (well-defned )

. -}(u)-’e\/

w2 ., wW=%
Note w7| $it X(uwsV) weld-defined & smooth
A(s)= X (uts),w(s))

1= ’o(’CSJJJ' = dqz‘*dwl
w}

Wy wr=s W —Q 4 "
j‘fmkf’:wn&tanﬁg , f=fsw 2 (w)(w)=c

by@. u'=cw

(asel : ¥ =0, m/:(,on/stant.
12 2 i S
plug Tnto 0. wow ,w=¢

- C(asel ; ¥ 40 . L 2
/ 2
1, 0 (Tw) (W) w

Y 1 Co = constant
(M’Co) 1+W = EJ circle , centef at Co - A

0000000000000 OCGO0CO00CYD
i
!
b=
3
!

Semir 'Cl\r(ie @



Note\:'TthwdQSl\CS are 4he fma,je Und.(’,r X 01— the 2018, 06, 07(.3}
partS of the circdeS in u-w planes and ﬁj.‘rtj in the

regfon w7 | @
These circleS all have centre on the U-axis and interset @
the u-axis feryend:‘cuﬂar m &
| ®
0= zcu,)emlvn} ®
Ty = its Ist‘f'f 'M- &
v
! L
E=ys, F70/ 97y ®
2
o R e SR @
By geodesic equatfons, @
d ! ! .
IS (Eu+Fv) > i (Euu z-rlhul'l/lf qu'z} i
FM*QV) 1(EVU(+JFVM .,(ﬂvvlz) .
fg ""‘) 0 @ '
d o vl AL AR ! 2
as ()72 ()W () v7) = (v ®
-] a =
s o
v v , ’
i vy - ALY, vVea v =)
el ee gl gapsa L L L L2 » o Tlphs
ds Ly 74 @ V‘r _,_—‘;—3————— .
by ©
V)=’V -, e
vt ®
Zvu"—zu'v': —— P
vV'i— 22 r‘;o —® .
The geodesics in the wpper-half pLane 15 of two forms. o
/
9 '5%(%):0:>u’=CVJ-Ifc=o$ul=wnst. @
B by ep. M7 CtURC ®
@_ vis) = ¢ sechcs) Py

-



06,13 (1)
(u-co) = Ctant (5) 201806013 (1)

v = ¢ Sech(s)

(u—u)z,f vi=c? ( tan'h (s)+t Secﬂ)

g

i

—b/3
Def : Mobius transformation on the uppet half pAane are
functions of the form fray= 42tb 5y ¢ g e S catd #0
€244 ad-bc=1 g2
C

0= (g€ R’ ] 470 ¥, upper half plane .
f:0-U isometry 1
I, (4) £ If@) (f)) —®

az+b
.J[(z):CZ'rd ’2:1+ij

Fextdy) = a(1+£J)+b _ (ax4b) +Aay ((mq)_,(cﬂ

” C(xt2Y) +d (ex+d)tded  (ex d )-Rc
- acy (ad+bc)xfacfjjbg( +A‘I !
(ex+d )y C’f (extd J4C
dn (f (4290) 70 .
2
st fof for U d—%ﬂ'
e 2:1+Xj /Q:x-/ij / O‘i—-dx**\dj
di = dx-Ad]
dzdz = (dx+idy) (olx-xdj) dx% dj
<3 w'y £ = 2 gt 23y
: djd ! i
ds = -¥ . Ist £.4 on Pomain £ .
(2-3 )_\

; [jt{f on range o ¥ +.




- .20lp0p. 12(2) ¢
Now the 17 f.f on the range of f is given by

ist . 4 df@)dfy) | —#ftfe)ded?

(fz)-+¢2))* (fl2)-fez))
i) = a(%-f: ,_}[/CZ)_— wc _ ad-be '
z+ 5 e L
(Ci'f‘d] (Cl'fd)l (CZ'l'ol)
fir- 2217 fta = (d)a- (azth)e b
Cé.rd f CCE'M{)Z —(C.i+d)2 0]
Trfeis = Liio(b_ _a2th  3-3
(2+ 5 T —
1 @ cardycard)  —9
P43 0.0 mto ¥
L ! - -
FIC! -4(cc%fo|)z)((—('z:+‘a)z)olid% ) -4dz2d2 1st ff enthe
( i=1 )a ] (g7 )= domarp
(cz+d)(2td)
hfru—=0 Tsan l‘sometrj. )
k(o)=-]

f_- 015U l\5om€‘tij 2k(vi) = K(Uz)
o b postlates:

Fuclhdean :
O A Strwfjht dine can be a(rawUnJofnfnj anj 1w o Fon‘ntj

A B .
@ Any stmfjht Aine can be extended indefinitely I 4

straight Aine .
® @ Given any Jtmrjht seqment , a circde can be drawn

havfnj the Sejme,nt as radius and one of end points ag

center.

@+ X ald HJM oknj.Q% are canjrvtenf.

- ®
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T4 F
Ktf < g0+ q0° $ -

In a plane , Jiyeh & Aine and a Fofrlt not on jt ,

&t most one parallef faraﬂ to L ( ydssfﬂj throajh P).

1817 Gauss . Riemann ‘
Lobacheskj , Bowlter , Bedyran

S'ghercrfc«ﬁ Space

great circle (jwo(es{c/)

W "
n 2 Pt5 .

P‘”M @ crredmference < 2n - @

( Poin care Disk model ) ¢
hyperbolic space 5{ereoﬂm?hrc projection

3PL <K
internal angles

T
Eaclldean Space diverqont
=P e e

L
i mu{ erence,

J:_L_LL_ @mnr



2018006, 12 L7/

S Surface

© S cpt s comected , orfented
k=const. = sphere

Sept, Y peS s k(pr 0

S 75 homeomorphic  t6 Sphere
M‘fﬂ,‘ecmwlphfc

sectionad carvature = Gauss Curvature -




